The paper presents a detailed theoretical-group analysis of three types of two-component equations of motion which describe the particle with zero mass and spin 1 2
Introduction
In the previous paper [1] it was shown by one of the authors that starting from the four-component Dirac equation with zero mass one can obtain three types of two-component equations. One of them coincides with the Weyl equation which, as is known, is P (k) C-and T (1) -invariant but P (k) -, C-noninvariant. Two other equations are noninvariant with respect to P (k) C-transformations. For one of these two equations the P T C theorem is not valid, i.e. such an equation is noninvariant with respect to P (k) T (1) C-and P (k) T (2) C-transformations 1 . This present paper is dedicated to the detailed study of all possible (with an accuracy of the unitary equivalence) two-component and four-component (with subsidiary conditions) equations describing free notion of a particle with zero mass and spin s = From the point of view of ideology the previous and the present papers are closely connected with the papers by Shirokov [2] and Foldy [3] in which for the first time equations of motion for a particle without antiparticle with non-zero mass and arbitrary spin were suggested. The Shirokov-Foldy equations are P (k) -and T (1) -invariant, but T (2) -and C-noninvariant.
Three types of two-component equations 1.
The helicity and energy sign [2] operators [2] Λ = J 12 P 3 + J 23 P 1 + J 32 P 1 E , E = p 2 1 + p 2 2 + p 2 3 ,ε = P 0 E (2.1)
are the Casimir operators of the group P (1, 3) for the representations with zero mass and discrete spin.
Between the operators P , T , C and Λ,ε it is easy to establish such relations 2 :
3)
Препринт ИТФ-70-88E, Киев, 1970, № 88, 22 с. 1 Notations and definitions which are gives without explations are the same as in the paper [1] . 2 The results of this subsection are valid for the arbitrary spin.
Hence it follows such coupling scheme of irreducible representations of the proper Poincaré group by the operators P , T , C:
It is seen from the scheme (2.5) that there exist three essentially different (with respect to P -, T and C-transformations) types of two-component equations of motion on the solutions of which the following representations of the P (1, 3) group are realized:
Hence it follows such result: The two-component equations the wave functions of which are transformed according to the representations (2.6)-(2.8), have the same P -, T -and C-properties as the spaces R 1 , R 2 , R 3 have.
The Dirac equation
is transformed to the form
with the help of unitary transformation [4] 
In the representation (1.2.6) for the Dirac matrices 3 where
Φ ± (t, x) are two-component wave functions.
If tor the Dirac matrices we choose the representation, where
14)
Φ ± (t, x) are two-component wave functions. Eqs. (2.13), (2.14) in themselves (without algebra P (1, 3)) do not unambiguously determine what particle and antiparticle they describe. Depending on the representation of the group P (1, 3) with respect to which its wave function is transformed under transformations from the group P (1, 3), the same (by the form) two-component equation of motion describes, as is seen below, different particles. In other words, it means that the equations of motion only together with the algebra P (1, 3) unambiguously determine what particle is described by it.
According to the results of the previous subsection for the particle with spin s = 1 2 there are three essentially various two-dimension representations for the algebra P (1, 3). They have the following form
,
(2.15)
(2.16)
where
By direct verification one can be convinced that the operators (2.15)-(2.17) satisfy the commutation relations of algebra P (1, 3). These three representations are not equivalent. Really the operators of energy sign and helicity have the form
Hence it is clear that the representations (2.12), (2.16), (2.17) are not equivalent and are given in the spaces R 1 , R 2 , R 3 respectively. Besides two-dimensional representations given for the algebra P (1, 3) one can, evidently, obtain the other ones as well which however, will be unitary-equivalent to (2.15)-(2.17). If, for example, in (2.15)-(2.17) one performs the substitution −1) , then such operators will realize one-dimensional irreducible representations of the algebra P (1, 3) which are, of course, unitarily equivalent to the corresponding one-dimensional Shirokov representations [5] . The representations [5] 
Summing up all the above presented we come to the conclusion: 1) Eq. (2.13) together with algebra (2.15) (or (2.15 )) describes the particle with helicity + 
Under this transformation Eq. (2.13) takes the form
The type of Eq. (2.14) under transformation (2.19) is not changed. The operators (2.15), (2.16) in χ-representation have the form
(2.26)
If one connects with Eqs. (2.13) and (2.14) the representations (2.15 )-(2.17 ), but not the representations (2.l5)-(2.17) in this case the transition from the canonical equation to the noncanonical one can he conveniently realized with the help of the unitary transformation [6] 
Under this transformation Eq. (2.13) takes the form of the Weyl equation
where 
The algebra (2.17 ) is transformed into the algebra Not only the equations invariant with respect to the group P (1, 3) have such a dual nature but also the equations invariant with respect to the inhomogeneous de Sitter group P (1, 4) . Within the frameworks of the P (1, 4) group the same (by the form) equation of the Dirac type describes the various types of particles and antiparticles [7] . § 3. P -, T -and C-properties of two-component equations
In studying P -, T -and C-properties of the equations of motion one does not indicate as a rule, with what algebra P (1, 3) the given equation is connected. Such an approach, as it follows from the results of the previous section, is not quite correct for the studying P -, T , C-properties of Eqs. (2.13), (2.20), (2.28) , since the same equation connected with various algebras P (1, 3) can have various properties with respect to the space-time reflections.
In order the equation, invariant with respect to the proper group P (1, 3) , be P -, T -and C-invariant it is necessary and sufficient to satisfy such relations:
(3.1)
Hence it follows that the equation of motion is invariant with respect to P -transformation if all the conditions (3.1) are satisfied. Usually when studying P -properties of the equations one verifies only the first relation from (3.1) that, evidently, is not sufficient for the correct conclusion.
How we give the explicit expressions for the operators r (k) , τ (i) (see formulas (1.3.2)-(1.3.5)) determining the operators of discrete transformations.
On the sets {Φ 1 } and {Φ 1 } the operators P (k) , T (2) and C cannot be determined since the range of values of these operators does not belong to the sets {Φ 1 } and {Φ 1 }. The operator T (1) on {Φ 1 }, {Φ 1 } can be defined and it is determined by such operators
T (1) , T (2) and C on the sets {Φ 2 }, {Φ 2 } are given by the operators τ (k) , k = 1, 2, 3
The operator τ (1) on the sets {Φ 1 } and {Φ 2 } has the form (3.5)
The operators P (k) are not determined on {Φ 2 } and {Φ 2 }. P (k) and T (1) on the sets {Φ 3 }, {Φ 3 } are given by:
The operators r (k) and τ (k) on the sets {χ} and {χ w } have the form
this case the wave function has the redundant (nonphysical) components which ran be invariantly separated with the help of relativistic-invariant subsidiary conditions. From § 2, 3 it follows that there are three types of subsidiary conditions. One of them is well known and has the form
Eq. (2.9) together with the condition (4.1) is equivalent to Eq. (2.28) for the function χ w 1 (or (2.20) for the function χ 1 ). Now we find two other relativistic-invariant subsidiary conditions. Besides the matrix γ 4 the energy sign operator commutes with the algebra (1.2.1). Hence it is clear that the operators
commute with the algebra (1.2.1). The operators P can be considered as subsidiary conditions. Between the operators P ± 2 , P ± 3 and P , T , C it is easy to establish the following relations:
7) 2) Eq. (2.9) with subsidiary condition (4.6) is P (k) -, T (1) -and P (k) T (2) C-invariant, but T (2) -, C-, P (k) T (1) C-and P (k) C-noninvariant.
Eq. (2.9) with subsidiary conditions (4.1), (4.5), (4.6) can be written in the form of three equations
where κ k , k = 1, 2, 3 are the arbitrary constant numbers. For eqs. (4.9) the conditions (4.1), (4.5), (4.6) are satisfied automatically.
